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A REFINED BIJECTION BETWEEN ALTERNATING PERMUTATIONS AND
0-1-2 INCREASING TREES
HEESUNG SHIN
Abstract. We construct a refined bijection ϕ between alternating permutations and 0-1-2 in-
creasing trees with degree at most 2. It satisfies that the first element of alternating permutation
pi is equal to the first vertex in ϕ(pi) in the postorder.
1. Introduction
Let An be the set of alternating permutations pi = pi1pi2 . . . pin on [n] := {1, 2, . . . , n} satisfying
pi1 > pi2 < pi3 > pi4 < · · · .
Let An,k = {pi ∈ An : pi1 = k}. Let Tn be the set of 0-1-2 increasing trees T on [n] with degree at
most 2. Given a increasing tree T , the unique path towards a smallest child of each vertex from
the root 1 is called the main chain of T and we denote the leaf at the end of the main chain by
p(T ). Let Tn,k = {T ∈ Tn : p(T ) = k}.
It is important that An and Tn are equinumerous (see [Foa72, FS74], and also the bijection
in [FS73, Don75]). Also An,k and Tn,k are equinumerous [Pou82, KPP94]. However, no one has
managed to establish explicit bijections between An,k and Tn,k, as mentioned in the paper of
Kuznetsov, Pak and Postnikov [KPP94], who asked also for a combinatorial explanation of the
identity
|Tn,k| = |Tn,k−1|+ |Tn−1,n−k+1|
in the model of 0-1-2 increasing trees. The aim of this paper is to give a bijection between An,k
and Tn,k. To the best knowledge of the author, this is the first bijection between these two sets.
2. A bijection between An,k and Tn,k
For n = 1 or 2, since |An| = |Tn| = 1, we can define trivially ϕ : An,k → Tn,k. For n ≥ 3, given
pi ∈ An,k (k = pi1), we define the mapping ϕ : An,k → Tn,k recursively as follows:
(a) If pi2 = k − 1, then define pi
′ ∈ An−2,i−2 by deleting k − 1 and k from pi and relabeling by
[n− 2] where i > k. We get T ′ = ϕ(pi′) ∈ Tn−2,i−2. Relabel T
′ by {1, . . . , k − 2, k + 1, . . . , n},
denoted by T ′′. Let m be the minimal vertex greater than k in the main chain of T ′′ and j
the parent of m in T ′′. Then insert a vertex k − 1 in the middle of the edge (j,m) and add
the edge (k, k − 1).
T
k
k − 1
m
j
i
T ′′
m
j
i
We get the tree T = ϕ(pi) ∈ Tn,k.
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pi 1 213 312 21534 31524 41523
pi1 1 2 3 2 3 4
inv(pi) 0 1 2 3 4 5
31-2(pi) 0 0 1 1 2 3
ϕ(pi)
1 1
32
1
2
3
1
5
32
4
1
53
2 4
1
54
2 3
p(ϕ(pi)) 1 2 3 2 3 4
pi 51423 5471623 6471523 548691723 648591723 748591623
pi1 5 5 6 5 6 7
inv(pi) 6 13 14 21 22 23
31-2(pi) 4 4 5 5 6 7
ϕ(pi)
1
45
2 3
1
4
5
2 3
6
7
1
4
6
2 3
5
7
1
2 3
7
6
8 9
5
4
1
2 3
7
6
8
9
5
4
1
2 3
6
7
8
9
5
4
p(ϕ(pi)) 5 5 6 5 6 7
Figure 1. Constructing a tree ϕ(748591623) by a recursive algorithm
(b) If pi2 < k − 1, then define pi
′ = (k − 1 k)pi ∈ An,k−1 (exchange k − 1 and k in pi). We get
T ′ = ϕ(pi′) ∈ Tn,k−1.
(1) If k is a sibling of k− 1 in T ′, then we get the tree T = ϕ(pi) ∈ Tn,k modifying as follows:
T
k
k − 1
B
j
A
T ′
k − 1 k
j
A
B
(2) If k is a not sibling of k − 1 in T ′, then we get the tree T = ϕ(pi) ∈ Tn,k exchanging the
labels k − 1 and k in T ′.
TT ′
k − 1
k
j
A
B
k
k − 1
j
A
B
Theorem 1. For all n ≥ 1 and k ∈ [n] The mapping ϕ is a bijection between An,k and Tn,k
satisfying
pi1 = p(ϕ(pi)).
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Proof. It is sufficient to construct the inverse mapping of ϕ. Given T ∈ Tn,k (k = p(T )), we define
pi = ϕ−1(T ) recursively as follows:
(A) If k − 1 is a parent of k in T , then let m(> k) be the another child of k − 1 (m =∞ if k − 1
has only child k) and s(> k) be a sibling of k − 1 (s =∞ if k − 1 has no sibling).
(1) If m < ∞ and m < s (Case a), then define T ′ by deleting vertex k − 1 and k and their
adjacent edges from T and adding new edge (m, j) where j is a parent of k − 1 in T .
T
k
k − 1
B
m
j
As
T ′
i
B
m
j
As
i
We get pi′ = ϕ−1(T ′′) ∈ An−2,i−2 where T
′′ ∈ An−2,i−2 is induced from T
′ relabeling by
[n − 2], where i > k. Relabeling pi′ by {1, . . . , k − 2, k + 1, . . . , n}, denoted by pi′′, and
define pi = (k, k − 1, pi′′) ∈ An,k where pi
′′
1 = i.
(2) If m =∞ or m > s (Case b1), then we get the tree T ′ ∈ Tn,k−1 modifying as follows:
T
k
k − 1
Bm
j
As
T ′
k − 1 k
j
A
m Bs
Define pi′ = ϕ−1(T ′) ∈ An,k−1 and pi = (k − 1 k)pi
′ ∈ An,k (exchange k − 1 and k in pi
′).
(B) If k − 1 is not a parent of k in T (Case b2), then we get the tree T ′ ∈ Tn,k exchanging the
labels k − 1 and k in T .
T ′
k − 1
k
j
A
B
T
k
k − 1
j
A
B
Define pi′ = ϕ−1(T ′) ∈ An,k−1 and pi = (k − 1 k)pi
′ ∈ An,k (exchange k − 1 and k in pi
′).

Remark. By considering a description of ϕ, given a elements pi ∈ An,k, pi in Case (a) can be
induced from ∪ni=k+1An−2,i−2 and pi in Case (b) from An,k−1. It yields that two following sets are
isomorphic
An,k ≃ An,k−1 ∪ (∪
n
i=k+1An−2,i−2),
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for 2 ≤ k ≤ n. We get the recurrence relation
an,k = an,k−1 +
n∑
i=k+1
an−2,i−2,
where an,k is the cardinality of the set An,k. Indeed, we are able to generalize this recurrence
relation. Let an,k(q, p) =
∑
σ∈An,k
qinv(pi)p31-2(pi). We have also
an,k(q, p) = q p an,k−1(q, p) + q
2k−3
n∑
i=k+1
an−2,i−2(q, p),
for 2 ≤ k ≤ n.
Similarly, by considering a description of ϕ−1, given a elements T ∈ Tn,k, T in Case (A1) can
be induced from ∪ni=k+1Tn−2,i−2 and T in Case (A2) and Case (B) from Tn,k−1. It yields
Tn,k ≃ Tn,k−1 ∪ (∪
n
i=k+1Tn−2,i−2).
We get the recurrence relation
tn,k = tn,k−1 +
n∑
i=k+1
tn−2,i−2,
where tn,k is the cardinality of the set Tn,k.
Example. The following is the table of ϕ on A4.
pi 2143 3142 3241 4132 4231
pi1 2 3 3 4 4
inv(pi) 2 3 3 4 4
31-2(pi) 0 1 0 2 1
ϕ(pi)
2
1
3
4
2
1
3
4 2
1
3 4
2
1
4
3 2
1
3
4
p(ϕ(pi)) 2 3 3 4 4
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